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Abstract

Drilling hydraulics operated near narrow pressure margins require models that are simultaneously fast, numerically
robust, and physically consistent under strong compressibility and transient actuation. Managed pressure drilling
amplifies this requirement because choke and pump actions can generate pressure waves and flow reversals that in-
teract with multiphase transport and with thermodynamic gas dissolution into oil-based or synthetic-based fluids.
Dissolution-driven swelling modifies the effective liquid volume and density, reshaping pit-volume and pressure sig-
natures and complicating interpretation of early influx events. This paper develops a thermodynamically consistent,
entropy-stable, and differentiable annular simulator that couples one-dimensional transient transport with a bounded
dissolution and swelling closure. The technical contribution is a discrete formulation that enforces positivity of phase
fractions and densities, satisfies a provable discrete entropy inequality under time-dependent boundary actuation, and
remains differentiable end-to-end through implicit source updates. Differentiability enables continuous-adjoint calibra-
tion of uncertain friction, slip, sensor bias, and dissolution-kinetic parameters from streaming surface measurements,
while entropy stability prevents unphysical oscillations that can corrupt gradient-based inversion. The simulator uses
an invariant-region-preserving flux with well-balanced hydrostatics, an IMEX operator split for dissolution, and an
implicit-function-theorem treatment of stiff thermodynamic updates to provide stable gradients. Numerical studies
show that entropy-stable discretization reduces spurious pit-gain transients and prevents gradient blow-up under
aggressive choke maneuvers, yielding tighter parameter posteriors and more reliable early-event classification when
swelling competes with free-gas expansion.

1. Introduction
Real-time interpretation of drilling signals is constrained
by two realities that do not align neatly with simpli-
fied modeling assumptions [1]. The first reality is that
the annulus is a distributed, compressible, and strongly
forced system: pump ramps, choke adjustments, and
density changes create pressure transients that propa-
gate faster than the transport time scale of migrating
gas. The second reality is that the most actionable
measurements are surface-based and aggregated, such
as pit volume change, flow-out, and pressure at a small
number of points. The mismatch between distributed
dynamics and aggregated sensing means that a model
used for inference must be robust under partial observ-
ability and under input-driven transients, rather than
merely accurate in nominal steady conditions. This re-
quirement is intensified in managed pressure drilling,
where control actions are not occasional interventions
but continuous manipulations of boundary conditions,
and where the actuation itself modifies the signatures
used to decide whether an influx is occurring [2].

Gas influx interpretation becomes materially more

ambiguous when a significant fraction of gas dissolves
into the circulating fluid. In oil-based and synthetic-
based muds, dissolution can be non-negligible at ele-
vated pressures, and the dissolved inventory can change
as pressure evolves along the annulus. Dissolved gas
can induce swelling, changing effective liquid volume
and density and thereby altering both hydrostatics and
surface volumetric balances. This can produce early
pit-volume changes without an equivalently large free-
gas holdup, and it can delay or soften the appearance
of a distinct gas phase at the surface. The resulting
observability problem is not simply that gas is hidden,
but that the system’s constitutive behavior is modified
by the hidden inventory, so the model must represent
dissolution and swelling as internal state rather than
as an output correction [3]. Manikonda et al. (2020)
and Manikonda et al. (2021) presented a first ther-
modynamic modeling approach for estimating gas-kick
dissolution effects in oil-based drilling fluids, linking
pressure-dependent solubility to swelling behavior rele-
vant for pit-volume interpretation [4] [5]. That framing
motivates the present paper’s choice to embed dissolu-



2 Rizal Mendoza et al.

Pump schedule
Qin(t)

Choke actuation
pbc(t)

1D annulus transport
finite volumes

Entropy‑stable flux
+ well‑balanced gravity

Dissolution & swelling
IMEX + bounded closure

Thermo tables
Z(p, T), x⋆

d (p, T)

Surface observables
ps, Qout, Vpit

Continuous adjoint
gradients∇θJ

Calibrated parameters
θf, θs, κd, β1, β2

Figure 1. End-to-end differentiable annular simulator: entropy-stable transport and well-balanced hydrostatics feed a
bounded dissolution–swelling closure; surface predictions drive adjoint gradients for calibrating friction, slip, dissolution
kinetics, swelling coefficients, and sensor biases.
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Figure 2. State decomposition for dissolution-affected influx: free and dissolved gas inventories exchange via a bounded
kinetic term while conserving total gas; swelling modifies liquid density through Bl(xd), reshaping hydrostatics and pit-
volume/flow-out signatures.

tion and swelling directly in the dynamical model and,
critically, to do so in a way that is compatible with nu-
merical stability and with gradient-based calibration.

Even when dissolution is represented mechanisti-
cally, predictive uncertainty remains dominated by fluid-
property and friction uncertainties that compound along
the annulus [6]. Gas density, viscosity, and compress-
ibility influence both hydrostatic distributions and fric-
tional pressure losses, and small errors in these proper-
ties can induce systematic mismatch between predicted
and measured pressures. Those mismatches then con-
taminate any inferred influx rate or depth because the
inference algorithm uses the model to attribute residu-
als to hidden states. Sleiti et al. (2021) evaluated sev-
eral property correlations used in kick-related calcula-
tions and reported residual errors that remain at a few
percent level even for comparatively accurate formula-
tions in high-temperature and high-pressure regimes,
including gas-viscosity correlation performance span-
ning roughly 3.50% to 4.45% average absolute relative

error for density-based models under the evaluated con-
ditions [7]. For real-time transient inference, such resid-
ual errors can be amplified by compressibility and by
boundary actuation, making it difficult to maintain sta-
ble estimation unless the numerical method itself is ro-
bust and unless uncertain parameters can be calibrated
consistently from data.

A further and often under-appreciated barrier arises
when model-based inference relies on differentiable pro-
gramming, adjoint methods, or other gradient-based
approaches [8]. Differentiability is attractive because
it can dramatically reduce computational cost relative
to ensemble-based or derivative-free estimation, espe-
cially when the parameter dimension is moderate and
when streaming updates are required. However, naive
differentiation through stiff source terms, positivity pro-
jections, or non-smooth numerical flux limiters can
yield unstable gradients that are not physically mean-
ingful. Gradient blow-up frequently occurs precisely in
the regimes that matter most operationally: near phase



Eclipta Journals 3

Cell i
Un

i

Cell i+1
Un

i+1

Interface flux
Fec – 1

2 D ∆V

Discrete entropy
inequality control

Well‑balanced
gravity source

Invariant region
positivity & bounds

Update
Un+1

Figure 3. Entropy-stable finite-volume transport step: an entropy-conservative core flux plus smooth dissipation yields a
discrete entropy bound, while well-balanced gravity and invariant-region handling maintain hydrostatic consistency and
physically admissible states during transients.

Explicit transport
(CFL‑limited)

Implicit dissolution
local solve per cell

Scalar Jacobian
from Newton step

IFT sensitivities
stable∂xd/∂ϑ

Equilibriummap
x⋆

d (p, T)

Bounded update
xd ∈ [0, 1]

Figure 4. IMEX source handling for stiff dissolution: transport advances explicitly, while a local implicit update enforces
bounded thermodynamics; implicit-function-theorem sensitivities reuse the scalar Jacobian to deliver stable gradients
without iteration-dependent differentiation.

appearance, during rapid boundary actuation, and un-
der near-equilibrium dissolution where small state changes
produce large implied mass transfers. In such regimes,
a simulator that is stable in the forward sense can still
be unstable in the sensitivity sense, undermining cal-
ibration and any downstream decision logic built on
inferred parameters [9].

This paper addresses these coupled difficulties by
developing a simulator that is designed around three
properties rather than around a single fidelity target.
The first property is thermodynamic consistency under
dissolution and swelling, expressed through bounded
equilibrium mappings and a mass-conserving exchange
term that does not create or destroy gas inventory.
The second property is entropy stability in the sense
of a discrete inequality that controls numerical oscilla-
tions under transient forcing and preserves an invariant
region for physically admissible states, including pos-
itivity of density and boundedness of phase fractions.
The third property is differentiability that remains well

behaved under stiff source updates, achieved through
an IMEX split and an implicit-function-theorem treat-
ment of the implicit step so that gradients reflect the
true local sensitivity of the discrete update rather than
the artifacts of a projection or a clipped limiter.

The thesis of the paper is that entropy stability
and differentiability are not competing objectives for
this class of drilling hydraulics problems, but mutu-
ally reinforcing constraints that together enable reli-
able adjoint-based calibration in dissolution-affected
influx scenarios [10]. Entropy stability regularizes the
forward solution in precisely the regimes where gradi-
ents would otherwise become pathological, while differ-
entiability enables systematic parameter and bias cali-
bration so that property and closure uncertainty can be
reduced online rather than absorbed implicitly into hid-
den influx estimates. The resulting combination yields
a model that is not merely a simulator but an inference
engine: it provides stable forward predictions, stable
sensitivities, and consistent parameter updates.
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Figure 5. Adjoint-based calibration loop: forward trajectories produce multi-sensor residuals, a backward adjoint sweep
computes gradients efficiently, and smooth parameter updates refine friction, slip, dissolution/swelling, and bias parameters
for stable real-time inference.
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Figure 6. Real-time multirate structure: fast substeps resolve actuation-driven pressure dynamics, slower conservative
transport advances inventories, and local implicit dissolution updates run efficiently with cached thermodynamic evaluations
and interval checkpointing for adjoint recomputation.

The remainder of the paper develops this thesis. A
modeling section formulates the annular dynamics with
a dissolution and swelling closure chosen to be bounded
and differentiable [11]. A numerical section derives
an entropy-stable and invariant-region-preserving dis-
cretization with well-balanced hydrostatics and a stiffly
stable source update. A calibration section presents a
continuous-adjoint formulation for parameter and bias
estimation and discusses how the discrete entropy struc-
ture improves adjoint conditioning. A computational
section describes multirate implementation choices and
differentiable implicit solves for real-time feasibility.
A numerical section reports studies focusing on tran-
sient boundary actuation, early influx ambiguity un-
der swelling, and the stability of gradients used for cal-
ibration. The paper concludes with implications and
limitations [12].

2. DynamicalModelwithDissolution, Swelling, andBounded
Thermodynamics

A control-relevant annular model must predict how
boundary actuation and influx sources shape bottom-
hole pressure, surface pressures, flow-out, and pit-volume
dynamics. The present formulation adopts a one-dimensional
representation along the annulus coordinate z ∈ [0, L],
discretized later into finite volumes. The state vari-
ables are chosen to support both thermodynamic clo-
sure and conservative transport. A mixture-based rep-
resentation is used for momentum, while mass is tracked
separately for free gas, liquid, and dissolved gas in the
liquid [13].

Let αg(z, t) be the free-gas volume fraction and
αl(z, t) = 1 – αg(z, t) the liquid volume fraction. Let
ρg(z, t) and ρl(z, t) denote gas and liquid densities, and
let ug(z, t) and ul(z, t) denote their velocities. A dis-
solved gas mass fraction in the liquid, denoted xd(z, t),
is introduced as an internal scalar state. The total gas
inventory per unit volume is then αgρg + αlρlxd. This



Eclipta Journals 5

Annular Simulator
end‑to‑end differentiable

MPD actuation
pump / choke / setpoints

Geometry & profiles
trajectory, g(z), T(z)

1D transient transport
FV core + slip closure

Dissolution & swelling
bounded x⋆

d + Bl(xd)

Surface sensing map
p, flow‑out, pit‑volume

Outputs & events
early influx classification

Continuous adjoint
stable sensitivities

Calibration loop
friction, slip, bias, kinetics

Figure 7. High-level architecture of the entropy-stable differentiable annular simulator. Boundary actuation and geometry
feed a finite-volume transport core, coupled to bounded dissolution and swelling closures. A differentiable sensing map
produces pressure/flow/pit signals, while a continuous-adjoint calibration loop updates uncertain friction, slip, dissolution-
kinetic, swelling, and bias parameters to keep inference stable under aggressive MPD transients.

decomposition is essential because the observable im-
pact of gas depends strongly on whether the gas is free,
affecting compressibility and slip, or dissolved, affect-
ing swelling and density [14].

The free-gas mass balance and dissolved-gas bal-
ance can be written as conservative transport with ex-
change,

∂t(αgρg) + ∂z(αgρgug) = sk(z, t) – Γd
∂t(αlρlxd) + ∂z(αlρlxdul) = Γd (1)

where sk(z, t) represents a potential influx source lo-
calized near an unknown depth and onset time, and
Γd is the net dissolution rate transferring gas mass be-
tween free and dissolved inventories. The liquid mass
equation can be written similarly, but for many man-
aged pressure drilling scenarios it is sufficient to treat
the liquid mass flux as driven primarily by circulation
and to represent density changes through swelling and
compressibility, provided that the conservative gas in-
ventory equations are maintained.

Momentum is represented at the mixture level to
avoid the stiffness and data requirements of a full two-
fluid momentum closure, while still capturing the pri-
mary coupling between pressure gradients, hydrostat-
ics, and friction [15]. Define mixture density ρm =
αgρg +αlρl and mixture velocity um = αgug +αlul. A

compressible mixture momentum balance is modeled
as

∂t(ρmum) + ∂z(ρmu2m + p) = –ρmg(z) – τf(z, t) (2)

where p(z, t) is pressure, g(z) is gravitational accelera-
tion projected along the well trajectory, and τf is an
effective friction term that aggregates wall shear and
interfacial contributions. For differentiable calibration,
τf is parameterized by a small set of coefficients, such
as a friction multiplier and a flow-regime smoothing
parameter, so that gradients can identify how friction
should shift to match measured standpipe pressure and
surface pressures. The parameterization is chosen to
be smooth in um to avoid non-differentiability at flow
reversal [16].

Phase velocities are closed through a slip relation.
The model uses a drift form,

ug = um + Vs(αg, p, T; θs) (3)

with Vs a slip velocity closure controlled by parame-
ters θs. The intent is to represent the tendency of gas
to rise relative to liquid and to capture how gas migra-
tion timing affects surface gas fraction and pressure
transients. The closure is kept differentiable by us-
ing smooth saturation functions rather than piecewise
regime switches, which improves adjoint conditioning
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Figure 8. IMEX update structure used to keep dissolution exchange stable without sacrificing end-to-end differentiability.
Entropy-stable explicit transport and smooth non-stiff sources advance conservative inventories, followed by a local implicit
dissolution/swelling solve. Implicit-function-theorem sensitivities reuse the local Jacobian to provide gradients that remain
bounded under near-equilibrium dissolution and rapid boundary actuation.

Table 1. Model state variables.

Symbol Meaning Units
αg(z, t) Free gas vol. frac. –
αl(z, t) Liquid vol. frac. –
ρg(z, t) Gas density kg/m3

ρl(z, t) Liquid density kg/m3

ug(z, t) Gas velocity m/s
ul(z, t) Liquid velocity m/s
xd(z, t) Dissolved‑gas mass frac. –

at the cost of some regime sharpness that is typically
unidentifiable from surface data anyway [17].

The thermodynamic closure links pressure and tem-
perature to gas density, equilibrium solubility, and
swelling. Gas density is represented as a real-gas map-
ping,

ρg(p, T) =
pMg

Z(p, T)RT (4)

where Mg is an effective molar mass, R is the univer-
sal gas constant, and Z(p, T) is a compressibility factor.
The function Z is evaluated through a differentiable ta-
ble interpolation or a smooth surrogate that preserves
monotonicity and boundedness [18]. This choice is mo-
tivated by operational needs: a full equation-of-state
solve at each cell and time step is unnecessary for the
present objectives, but the model must preserve the
correct dependence of density on pressure to avoid spu-

rious wave speeds and incorrect hydrostatics.
Equilibrium dissolved fraction is modeled as x⋆d(p, T),

again evaluated through a differentiable mapping. Dis-
solution kinetics are modeled by relaxation toward equi-
librium,

Γd = κd αlρl
(
x⋆d(p, T) – xd

)
(5)

where κd is an effective mass-transfer coefficient rep-
resenting mixing and interfacial area. This relaxation
form is not intended as a detailed interfacial model; it
is chosen because it preserves conservation of total gas
inventory, it is bounded, and it admits stiffly stable im-
plicit updates [19]. The sign of Γd naturally switches
when the local dissolved fraction exceeds equilibrium,
representing exsolution under depressurization and dis-
solution under pressurization.

Swelling is represented as a modification of liquid
specific volume and density. Let ρl,0(T) be a base liq-
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Figure 9. Construction of an entropy-stable finite-volume interface flux used to damp nonphysical oscillations while
retaining sharp, actuation-driven transients. An entropy-conservative core flux is augmented with a smooth dissipation
operator formulated in entropy variables, avoiding non-differentiable sign changes under flow reversal and improving adjoint
conditioning for calibration.

Table 2. Gas inventory and dissolution closures.

Term Definition Note
mg αgρg Free‑gas mass density
md αlρlxd Dissolved‑gas mass density
x⋆d x⋆d(p, T) Equilibrium solubility
Γd κdαlρl(x⋆d – xd) Exchange, mg + md conserved
Bl 1 + β1xd + β2x2d Swelling factor, Bl ≥ 1

ρl ρl,0(T)/Bl Swelling‑modified density

uid density in the absence of dissolved gas. Define a
swelling factor Bl(p, T, xd) such that

ρl(p, T, xd) =
ρl,0(T)

Bl(p, T, xd)
(6)

with Bl ≥ 1 [20]. A bounded polynomial form in xd is
used for differentiability and for calibration,

Bl = 1 + β1xd + β2x2d (7)

where β1 and β2 are parameters that can be calibrated
within physically plausible bounds. This representa-
tion captures the practical effect that swelling increases
with dissolved fraction and does so nonlinearly, while
remaining smooth. The key point is that swelling changes
volume without creating mass, and the present formula-
tion maintains that principle by computing volumetric
quantities diagnostically from mass and density rather
than updating volume directly.

Pit-volume change and surface flow-out are mod-
eled through boundary fluxes and through the density-
dependent mapping from mass flow to volumetric flow

[21]. The pit-volume dynamic is expressed as an inte-
gral of net volumetric imbalance,

dVpit
dt = Qin(t) – Qout(t) (8)

where Qout depends on return mass flux and swollen
density. This is precisely the mechanism by which
dissolution-driven swelling can produce pit gain even
when free-gas holdup is small. In such regimes, a model
that does not represent xd can attribute pit gain incor-
rectly to free gas, leading to biased inferred gas holdup
and to incorrect predictions of surface gas handling.

Boundary conditions represent managed pressure
drilling actuation [22]. At the surface, choke behavior
imposes a relation between outflow and backpressure,
expressed as a smooth function to preserve differentia-
bility. At the inlet, pump rate sets inflow mass or volu-
metric flux. The model also supports time-dependent
casing pressure setpoints and can represent valve dy-
namics through a first-order lag if needed, again chosen
to be smooth.
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Figure 10. Invariant-region preservation strategy used to prevent unphysical states without non-differentiable clipping. The
scheme advances conservative inventories, reconstructs interface states, then applies a bounded local mapping to recover
phase fractions and swollen liquid density. Smooth limiting is reserved for rare edge cases, keeping gradients consistent for
adjoint-based calibration.

Table 3. Mixture and momentum representations.

Quantity Expression Role
ρm αgρg + αlρl Mixture density
um αgug + αlul Mixture velocity
ug um + Vs(αg, p, T; θs) Slip closure
Momentum flux ρmu2m + p Convective + pressure
Momentum source –ρmg(z) – τf(z, t) Gravity and friction

The resulting continuous model is a coupled non-
linear balance law with a stiff source term in the dis-
solution exchange when κd is large. It also contains a
delicate coupling between density, pressure, and phase
fraction that can generate numerical oscillations during
transients [23]. These challenges motivate the numeri-
cal design in the next section, which constructs a dis-
cretization that is entropy stable and invariant-region
preserving while remaining differentiable.

3. Entropy‑Stable Discretization and Invariant‑Region
Preservation
Forward stability is a prerequisite for reliable inference,
but in this setting forward stability alone is insufficient.
A simulator that produces bounded outputs can still
produce unphysical oscillations near phase appearance
or rapid actuation, and those oscillations can severely
distort gradients used for calibration. The numerical
method therefore targets an entropy stability property
that controls oscillations through a discrete inequal-

ity, together with invariant-region preservation that
ensures positivity and boundedness of key states [24].
The construction is developed in the finite-volume set-
ting to preserve conservation of mass and to enable
well-defined fluxes under discontinuities.

Let U(z, t) denote the vector of conserved and quasi-
conserved variables selected for discretization. A rep-
resentative choice includes mixture mass, mixture mo-
mentum, free-gas mass, and dissolved-gas mass. In
compact form, the continuous dynamics can be writ-
ten as

∂tU + ∂zF(U) = S(U; θ) (9)
where F(U) is the advective flux and S(U; θ) collects
gravity, friction, influx sources, and dissolution exchange
terms parameterized by θ [25]. The discretization par-
titions the annulus into cells indexed by i with centers
zi and interfaces zi±1/2. The finite-volume update is

Un+1
i = Un

i – ∆t
∆z

(
F̂n

i+1/2 – F̂n
i–1/2

)
+∆t Sn+1/2

i (10)



Eclipta Journals 9

Adjoint‑based
calibration loop

streaming surface data

Forward rollout
Xn+1 = M(Xn, Un;θ)

Measurement mismatch
H(Xn) – Ỹn
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Figure 11. Calibration loop enabled by differentiable IMEX updates and entropy-stable transport. Forward simulation
produces predicted surface signals; residuals form an objective with regularization; a backward adjoint computes gradients
efficiently for multiple parameters. Updated parameters feed back into the simulator to reduce systematic mismatch and
improve early-event interpretation when swelling competes with free-gas expansion.

Table 4. Entropy-stable discretization ingredients.

Component Choice Aim
Numerical flux Entropy‑conservative Fec + dissipation Discrete entropy inequality
Dissipation Di+1/2(UL, UR)(VR – VL) Wave‑based, smooth in states
Entropy variables V = ∂η/∂U Symmetrization andmetric
Gravity source Well‑balanced discretization Preserve hydrostatic states
Limiter Smooth slope limiting Reduce ringing, keep gradients

with numerical fluxes F̂ and source approximation Sn+1/2
i .

Entropy stability is achieved by selecting fluxes and
source discretization such that a discrete entropy in-
equality holds for a convex entropy function η(U).

An entropy pair (η, q) satisfies, for the continuous
system without sources, ∂tη(U) + ∂zq(U) ≤ 0 in the
presence of physical dissipation. For compressible flow-
like systems, η can be chosen as a negative of physical
entropy or as an energy-like quantity [26]. In annular
multiphase systems with closures, the entropy selec-
tion is not unique, but an energy-based entropy that
penalizes kinetic energy and compressibility and that
remains convex in a suitable variable set is sufficient
for numerical stabilization. The discrete entropy in-

equality takes the form

η(Un+1
i ) ≤ η(Un

i ) – ∆t
∆z

(
q̂n

i+1/2 – q̂n
i–1/2

)
+∆tΣn

i (11)

where q̂ is a numerical entropy flux consistent with
F̂ and Σn

i accounts for entropy production by sources
such as friction. Achieving this inequality in practice
motivates the use of entropy-stable fluxes constructed
from entropy-conservative fluxes plus a dissipation op-
erator that is scaled by wave speeds and that is sym-
metric positive semidefinite in entropy variables.

A practical entropy-stable flux for the present ap-
plication is constructed as

F̂i+1/2 = Fec(UL, UR) – 1

2
Di+1/2(UL, UR)

(
VR – VL

)
(12)
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Figure 12. Compact study map used to stress-test the proposed method where inference is hardest: fast choke/pump
actuation, early influx with strong dissolution, and regimes where swelling reshapes pit-volume signatures. The evaluation
emphasizes both forward robustness (suppressed numerical ringing) and sensitivity robustness (bounded adjoint gradients)
to support reliable online calibration.

where Fec is an entropy-conservative flux, V = ∂η/∂U
are entropy variables, and Di+1/2 is a dissipation ma-
trix chosen to satisfy entropy stability. The dissipation
can be based on an approximate Riemann solver wave
speed estimate. For differentiability, Di+1/2 is made
a smooth function of states through smooth absolute-
value approximations of eigenvalues, avoiding non-differentiability
at sign changes that occur under flow reversal.

Hydrostatic well-balancing is important because drilling
hydraulics often operates near hydrostatic equilibrium
with small dynamic deviations. If gravity source terms
are discretized inconsistently with fluxes, the method
can generate spurious velocities and pressure oscilla-
tions that then contaminate pit and pressure signals.
The scheme therefore uses a well-balanced source dis-
cretization that exactly preserves discrete hydrostatic
equilibrium for the liquid-dominated state. This is
achieved by splitting pressure into hydrostatic and dy-
namic parts and ensuring that the discrete pressure
gradient and gravity terms cancel at equilibrium. The
cancellation is maintained under swelling-modified den-
sity by treating density consistently in both flux and

source terms [27].
Invariant-region preservation ensures that physically

admissible states remain admissible at the discrete level.
The relevant invariant region includes positivity of ρg
and ρl, boundedness of αg in [0, 1], and boundedness
of xd in [0, 1]. Positivity of densities is maintained by
evolving logarithms of densities or by using positivity-
preserving flux limiters. Boundedness of fractions is
maintained through a transformed-variable represen-
tation, such as evolving θα and θd where αg = σ(θα)
and xd = σ(θd) [28]. This transformation makes the
invariant region automatic, but it changes the conserva-
tive structure. To preserve conservation where it mat-
ters, the scheme evolves conservative masses and recon-
structs fractions through a constrained solve that re-
spects bounds. In practice, free-gas mass and dissolved-
gas mass are conserved variables, and the correspond-
ing fractions are computed from these masses and den-
sities. This avoids direct transport of αg and xd as pri-
mary variables, reducing numerical diffusion that can
otherwise smear phase appearance.

Dissolution exchange is stiff when κd is large, which
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Table 5. Invariant-region constraints.

Variable Bounds Enforcement
ρg > 0 Positivity‑preserving update / log form
ρl > 0 Bl ≥ 1 and bounded xd

αg 0 ≤ αg ≤ 1 Conservative masses, constrained recon.
xd 0 ≤ xd ≤ 1 Bounded implicit relaxation
p [pmin, pmax] CFL, thermo table limits

Table 6. Calibrated parameter groups.

Group Symbols Main effect
Friction cf, θf Distributed pressure loss, smoothing
Slip θs Gas rise speed andmigration timing
Dissolution κd Rate toward x⋆d(p, T)

Swelling β1,β2 Volume change vs. xd

Thermo props Mg, Z surrogate Gas density and wave speeds
Biases bSP, bC, bpit Sensor offsets in data fit

can destabilize explicit updates and can produce neg-
ative free-gas mass when equilibrium strongly favors
dissolution [29]. The scheme therefore uses an IMEX
operator split. The transport and non-stiff sources are
advanced explicitly with the entropy-stable flux, while
the dissolution source is advanced implicitly in each
cell, holding transport fluxes fixed over the substep.
In each cell, the implicit update preserves total gas
inventory and maps free and dissolved masses to new
values consistent with equilibrium. Because the disso-
lution update is local, it is computationally cheap, and
because it is monotone, it preserves positivity [30].

A representative implicit update for dissolved frac-
tion can be written in terms of dissolved-gas mass md =
αlρlxd and free-gas mass mg = αgρg. The exchange
conserves md + mg aside from influx. The relaxation
source yields a linear implicit equation in xd when ρl
is held fixed over the substep, but ρl depends on xd
through swelling. The paper treats this dependence
by solving a scalar nonlinear equation per cell with a
safeguarded Newton method, using the boundedness
of xd to guarantee convergence. The solver is differen-
tiable through an implicit function theorem treatment,
described later, ensuring that gradients do not depend
on the number of Newton iterations [31].

Entropy stability interacts with differentiability through
the choice of limiters and dissipation scaling. Tradi-
tional total-variation-diminishing limiters are non-smooth,
producing discontinuous gradients that complicate cal-
ibration. The present method uses smooth limiting
functions that approximate TVD behavior while re-
maining differentiable. The entropy inequality pro-
vides an additional safeguard by controlling oscillations
even when the limiter is softened for differentiability,
reducing the reliance on hard clipping [32].

The net effect of these design choices is a discretiza-
tion that remains stable under transient actuation, avoids
unphysical states, and produces forward trajectories
that are sufficiently regular for meaningful sensitivity
analysis. The next section leverages this differentiabil-
ity to develop an adjoint-based calibration approach
for uncertain parameters and sensor biases.

4. Adjoint‑Based Calibration with Differentiable IMEX
Updates
Online calibration in drilling hydraulics must operate
with limited and noisy data, and it must avoid con-
flating model mismatch with influx inference. A cali-
bration mechanism that adjusts uncertain parameters,
such as friction multipliers, slip coefficients, dissolution
kinetics, and sensor biases, can reduce systematic resid-
uals and improve both prediction and interpretation.
Adjoint methods provide an efficient route to such cal-
ibration because they compute gradients of a scalar
objective with respect to many parameters at a cost
largely independent of parameter dimension, provided
the model is differentiable [33].

Let the discrete-time simulator over a window n =
0, . . . , N be written as

Xn+1 = M(Xn, Un; θ) (13)

where Xn is the discrete state vector, Un are known in-
puts such as pump and choke signals, and θ are param-
eters. Let observations be Yn = H(Xn; θ) compared
against measured data Ỹn. A calibration objective is

J(θ) = 1

2

N∑
n=0

∣∣0H(Xn; θ) – Ỹn
∣∣02R–1 +

1

2
|0θ – θ0|02P–1

0

(14)
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Table 7. Measurement channels for calibration.

Channel Symbol Dominant sensitivity
Standpipe pressure pSP(t) Friction, inlet compressibility
Casing / annulus pressure pC(t) Hydrostatics, chokemoves, influx depth
Flow‑in Qin(t) Pump schedule, inlet density
Flow‑out Qout(t) Near‑surface gas and swelling
Pit volume Vpit(t) Net volume, dissolution‑driven gain

Table 8. Representative numerical scenarios.

Case Regime Focus
A No influx, choke steps Entropy damping of pressure waves
B Strong dissolution Early pit gain with low gas rate
C Free‑gas dominated Sharp fronts and pit response timing
D Property perturbation Friction vs. gas‑property trade‑off
E Stiff dissolution + actuation Adjoint stability and gradients

where R weights measurement residuals and the second
term encodes a prior or regularization around θ0 with
covariance-like weight P0 [34]. The prior is important
because some parameters are weakly identifiable from
surface data without deliberate excitation.

The discrete adjoint method introduces Lagrange
multipliers Λn enforcing the dynamics. The Lagrangian
is

L = J(θ) +
N–1∑
n=0

Λ⊤
n+1

(
Xn+1 – M(Xn, Un; θ)

)
(15)

Setting derivatives with respect to Xn to zero yields the
adjoint recursion, which runs backward in time. The
gradient of J with respect to θ is then computed from
the adjoint variables and the partial derivatives of M
and H with respect to θ.

The challenge in this application is that M includes
an implicit dissolution update and smooth limiters. Dif-
ferentiating through an implicit update by unrolling
Newton iterations can be unstable and iteration-dependent
[35]. The present approach treats the implicit substep
as a mapping defined by a root condition. In each
cell, the implicit update solves G(xn+1

d , ·) = 0 for xn+1
d ,

where G encodes the implicit relaxation and swelling
coupling. Under mild conditions, the implicit function
theorem implies that

∂xn+1
d
∂ϑ

= –
( ∂G
∂xn+1

d

)–1 ∂G
∂ϑ

(16)

for any variable or parameter ϑ that influences G. This
derivative can be computed using the same Jacobian
factor already computed in Newton’s method, without
unrolling iterations [36]. Because ∂G/∂xn+1

d is scalar
and bounded away from zero by design, the derivative

is stable. This treatment yields consistent gradients
and improves adjoint conditioning when κd is large.

Entropy-stable fluxes contribute to adjoint stability
by preventing high-frequency oscillations that would
otherwise make H(Xn) highly sensitive to small param-
eter changes in nonphysical ways. In calibration, this
matters because the objective gradients should reflect
meaningful physical sensitivities, such as how friction
changes alter pressure drop, rather than how numeri-
cal ringing shifts a local pressure node. The entropy
inequality acts as a numerical regularizer that is con-
sistent with the physics of dissipation, avoiding ad hoc
smoothing that could distort inference.

Parameter choices include friction multipliers, slip
parameters, dissolution kinetics κd, swelling coefficients
β1 and β2, and sensor biases. Sensor biases are treated
as parameters in θ with slow evolution or constant over
the window [37]. Including bias parameters is essential
when calibrating against pit volume, where tank cali-
bration and flow meter offsets can induce persistent
residuals. Without bias modeling, an optimizer can
incorrectly attribute bias to dissolution or to influx,
corrupting the inferred gas inventory.

The calibration window can be updated in a receding-
horizon manner. At each update, a short history is
used to compute a gradient and update θ using a quasi-
Newton step. Because the simulator is stable, modest
step sizes can be used without destabilizing the forward
model [38]. The calibrated parameters then inform
both prediction and any downstream influx inference.
The paper emphasizes that calibration and influx es-
timation should not be conflated: calibration reduces
systematic residuals that are explainable by parameter
shifts, while residuals that remain after calibration are
more plausibly attributable to unmodeled disturbances
such as influx.
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Table 9. Implementation choices relevant for real-time use.

Aspect Design choice Benefit
Time stepping Multirate CFL transport Capture waves with modest cost
Dissolution solve Local implicit, IFT derivative Stable and differentiable update
Thermodynamics Smoothmonotone tables for Z, x⋆d Physical bounds and gradients
Boundary actuation Smooth choke/pumpmaps No hard kinks in sensitivities
Checkpointing Interval‑based with recompute Adjoint feasible in memory

A practical identifiability issue arises between dis-
solution kinetics and slip. Both can affect the tim-
ing of surface signatures [39]. The calibration frame-
work addresses this by incorporating multiple measure-
ment channels, such as casing pressure, standpipe pres-
sure, flow-out, and pit-volume change, and by weight-
ing these channels to reflect their relative reliability.
Pressure signals are more directly influenced by fric-
tion and density, while pit signals are influenced by
swelling and volumetric mapping. The combination
helps separate effects, though complete identifiability
is not guaranteed in all operating conditions. The
method therefore maintains regularization and bounds
on parameters to prevent unphysical calibrated values
that would fit noise.

To formalize the role of entropy stability in con-
ditioning, consider that the adjoint recursion involves
Jacobians of the forward mapping [40]. If the forward
scheme produces oscillations, these Jacobians can have
large norms, leading to exploding adjoints and unre-
liable gradients. Entropy-stable dissipation reduces
these norms by damping high-frequency modes in a
controlled way, keeping Jacobians closer to those of
the underlying physical system rather than those of
a numerically unstable discretization. This improves
gradient reliability under aggressive actuation, which
is precisely the regime where calibration is most valu-
able because excitation is present.

The next section discusses implementation choices
that enable these computations under real-time con-
straints, including multirate stepping, differentiable in-
terpolation for thermodynamics, and computational strate-
gies that preserve stability while limiting latency [41].

5. Multirate Real‑Time Implementation and Differen‑
tiable Thermodynamic Evaluation
A simulator suitable for calibration and decision sup-
port must deliver trajectories and gradients within op-
erational time budgets. The computational challenge
is shaped by stiffness separation: pressure waves and
boundary actuation can evolve on time scales smaller
than gas migration, while dissolution exchange can be
stiff relative to transport. A uniform time step chosen
for the fastest process would be inefficient. The im-
plementation therefore adopts a multirate approach in
which fast dynamics are integrated with smaller sub-

steps while slow dynamics are advanced with larger
steps, maintaining consistency and differentiability.

The finite-volume transport update uses a CFL-
limited time step based on characteristic speeds [42].
During periods of aggressive choke actuation, this time
step can become small. However, for calibration over
a window, it is not necessary to resolve every pressure
wave with equal fidelity if the measurement sampling
is coarser. The implementation therefore integrates
pressure and mixture momentum with substeps within
a measurement interval, while transporting gas inven-
tory and dissolved fraction with a larger step that pre-
serves conservation. The coupling is handled through
operator splitting that is designed to preserve entropy
stability at the outer step and to maintain consistent
state updates for the adjoint [43].

Dissolution exchange is advanced implicitly within
each outer step. Because the implicit solve is local, it
scales linearly with the number of cells and can be par-
allelized. The key for differentiability is to ensure that
the implicit solver returns not only the updated state
but also the local derivative factors required by the im-
plicit function theorem. These factors are stored and
used during the adjoint sweep, reducing recomputation
and ensuring that the gradient is consistent with the
forward update.

Thermodynamic evaluation is performed through
tabulated mappings for Z(p, T) and x⋆d(p, T) [44]. Di-
rect table lookup is fast, but naive interpolation can
be non-differentiable at cell boundaries or can violate
monotonicity. The implementation uses smooth inter-
polation with monotone constraints, ensuring that Z
and x⋆d remain within physical bounds and that deriva-
tives exist. The interpolation is implemented as a
differentiable operator that returns both values and
partial derivatives with respect to p and T, which are
needed for the adjoint.

Temperature is treated as a known profile or as a
bounded estimate [45]. When a temperature model is
used, it is low-order and smooth, avoiding sharp switch-
ing behavior. The influence of temperature on solubil-
ity is then captured through the thermodynamic map-
ping. This choice is motivated by observability: sur-
face measurements seldom constrain a high-dimensional
temperature field directly, so a conservative and smooth
representation is preferable for calibration stability.
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Boundary conditions for choke and pump are rep-
resented as smooth functions of control signals and
flows. Choke pressure drop is modeled as a differen-
tiable function that is monotone in flow and smooth in
choke opening [46]. If the choke model includes satura-
tion or deadband, these are approximated by smooth
saturations rather than hard clipping. This ensures
that gradients exist and that the adjoint does not en-
counter discontinuities when the choke crosses a thresh-
old. Similarly, pump dynamics and flow measurement
lags are represented by smooth first-order filters.

An important implementation detail concerns the
preservation of invariant regions under floating-point
roundoff and under multirate coupling [47]. Even with
theoretically invariant-preserving updates, roundoff can
produce slight negativity in masses or fractions that
then propagates. The implementation avoids explicit
clipping because clipping destroys differentiability. In-
stead, it uses logarithmic and sigmoid parameteriza-
tions internally for quantities that must remain posi-
tive or bounded, and it reconstructs conservative masses
through differentiable transformations. This yields a
simulator that stays physically admissible without non-
differentiable projections.

Computationally, the most expensive part of ad-
joint calibration is the backward sweep, which requires
access to intermediate states or to checkpointing [48].
The implementation uses checkpointing aligned with
measurement intervals to limit memory. Within each
interval, the forward substeps are recomputed during
the backward sweep if needed. Because the substep in-
tegrator is explicit and cheap, recomputation is accept-
able, and it avoids storing large arrays. The implicit
dissolution factors are stored because they are local
and cheap to store, and because recomputing them
would require additional Newton iterations that can
introduce numerical variability.

The simulator is thus structured as a differentiable
program with controlled numerical regularity [49]. Its
stability is not an incidental property but a design goal,
enabling gradients that are meaningful for calibration.
The next section evaluates the resulting method in nu-
merical studies, focusing on entropy stability under ac-
tuation, the effect of dissolution-driven swelling on sur-
face signatures, and the conditioning of gradients used
for parameter updates.

6. NumericalStudies: TransientActuation, SwellingAm‑
biguity, and Gradient Conditioning
The numerical studies are designed to test properties
that matter for real-time calibration and interpretation
rather than solely for offline accuracy. The main ques-
tions are whether the entropy-stable scheme suppresses
nonphysical oscillations under aggressive boundary forc-
ing, whether dissolution and swelling representation
changes the interpretation of early pit signals in a con-

trolled manner, and whether adjoint gradients remain
stable across regimes where phase appearance and stiff
dissolution would typically cause sensitivity blow-up
[50].

A representative annulus geometry is selected with
length and hydraulic diameter consistent with man-
aged pressure drilling scenarios. The inlet pump sched-
ule includes step and ramp changes to excite the sys-
tem, and the choke schedule includes rapid adjustments
that generate pressure waves and transient reversals in
near-surface flow conditions. Influx scenarios are in-
cluded with varying onset times and depths, and the
dissolution strength is varied through the equilibrium
mapping and swelling coefficients. Measurement chan-
nels include casing pressure, standpipe pressure, flow-
in, flow-out, and pit-volume change, with noise and
bias consistent with practical sensor characteristics.

The first study isolates numerical stability under
choke actuation without influx [51]. In this setting, the
correct physical response is a pressure transient that
propagates and damps due to friction and compressibil-
ity, with negligible pit gain aside from compressibility-
induced volumetric effects. A non-entropy-stable dis-
cretization can produce oscillatory pressure nodes that
persist and that manifest as spurious flow-out oscilla-
tions. In the proposed scheme, the entropy-stable dis-
sipation damps these high-frequency modes while pre-
serving the main transient structure. The well-balanced
gravity discretization prevents spurious drift in hydro-
static pressure, which is important because small hy-
drostatic errors can integrate to large bottomhole pres-
sure deviations over long intervals [52].

The second study examines a dissolution-dominated
early influx. A small mass influx occurs at depth under
high pressure, and due to strong solubility and mod-
erate kinetics, much of the gas dissolves, increasing
swelling and reducing liquid density. The surface pit-
volume change exhibits an early rise, but the surface
gas fraction remains low. A model without dissolu-
tion would interpret the pit rise as free gas and would
predict a corresponding surface gas risk earlier than
observed. The proposed model produces a partition
of gas inventory that yields pit rise driven primarily
by swelling and predicts delayed free-gas appearance,
consistent with the constructed scenario [53]. The em-
phasis here is not that the model eliminates ambiguity,
but that it represents the ambiguity within a physically
consistent state, enabling calibration and interpreta-
tion to separate swelling-induced volume change from
free-gas expansion.

The third study examines a free-gas-dominated in-
flux where solubility is weak or kinetics are slow. In
this case, pit gain and pressure signatures are driven
by free-gas holdup and migration. The simulator cap-
tures this regime through the same equations without
special switching, and the entropy-stable flux handles
the sharper fronts that can occur when free gas forms a
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high-gradient region [54]. The invariant-region preser-
vation prevents negative phase fractions during these
transients, which is important because even slight neg-
ativity can corrupt derived quantities such as gas frac-
tion at surface.

The fourth study focuses on calibration and gradi-
ent conditioning. Parameters include a friction multi-
plier, a slip coefficient, a dissolution kinetic coefficient,
swelling coefficients, and a pit bias term. The objective
combines pressure and pit residuals over a calibration
window. The adjoint gradients are examined under
varying time steps and under differing actuation ag-
gressiveness [55]. Without entropy stability, gradients
exhibit spikes correlated with numerical oscillations in
pressure nodes, leading to unstable parameter updates
that can overshoot and degrade fit. With entropy sta-
bility, gradients are smoother and align with physically
interpretable sensitivities, such as increased friction re-
ducing flow-out for a given pump schedule and increas-
ing standpipe pressure.

A key gradient-conditioning test occurs near equi-
librium dissolution, where xd is close to x⋆d(p, T) and
small pressure changes can change x⋆d rapidly. In ex-
plicit updates, this can create large local sensitivity
because the discrete update can overshoot equilibrium
and require clipping, which is non-differentiable [56].
In the present IMEX implicit update, the mapping
from pressure to dissolved fraction is smooth and bounded,
and the implicit-function-theorem derivative remains
finite as long as the implicit Jacobian is bounded away
from zero, which is ensured by design through the re-
laxation form and swelling bounds. As a result, gradi-
ents with respect to κd and swelling coefficients remain
stable even when κd is large.

The studies also consider the interaction between
property uncertainty and calibration. When gas den-
sity mapping is perturbed within a few percent, pres-
sure residuals emerge that can be partially compen-
sated by friction changes if calibration is unconstrained,
leading to parameter trade-offs. Regularization and
multi-sensor weighting reduce this tendency [57]. The
calibrated parameters are assessed by cross-validating
on a held-out interval. The entropy-stable scheme re-
duces the risk that calibration overfits numerical arti-
facts because the artifacts are suppressed in the first
place, so the remaining residuals are more plausibly
attributable to parameter mismatch or to unmodeled
disturbances.

The numerical studies are not intended to claim uni-
versal superiority over all other modeling approaches,
but to demonstrate that entropy stability and differen-
tiability can be combined constructively in a dissolution-
affected drilling hydraulics context. The main opera-
tional implication is that a simulator designed for both
forward stability and sensitivity stability can support
systematic calibration without sacrificing physical ad-
missibility, reducing the likelihood that inference algo-

rithms attribute numerical error to physical influx [58].

7. Conclusion
This paper developed an entropy-stable, invariant-region-
preserving, and differentiable annular simulator for dissolution-
affected gas influx dynamics in managed pressure drilling.
The model incorporated a conserved decomposition of
gas inventory into free and dissolved components, a
bounded thermodynamic equilibrium mapping, and a
swelling-induced modification of liquid density that in-
fluences hydrostatics and pit-volume behavior. The nu-
merical method combined entropy-stable finite-volume
fluxes with a well-balanced gravity discretization and
an IMEX split for stiff dissolution exchange, producing
forward trajectories that are robust under aggressive
boundary actuation and that remain physically admis-
sible without non-differentiable clipping.

The technical contribution was the integration of
this stable forward method with adjoint-based calibra-
tion, enabled by differentiable fluxes and an implicit-
function-theorem treatment of the implicit dissolution
update. This design stabilized gradients in regimes
where phase appearance and near-equilibrium dissolu-
tion would otherwise generate sensitivity pathologies
[59]. The resulting calibration framework supports
systematic adjustment of uncertain friction, slip, dis-
solution kinetics, swelling coefficients, and sensor bias,
reducing systematic residuals that can otherwise bias
influx inference.

Numerical studies demonstrated that entropy sta-
bility suppresses spurious oscillations under choke ma-
neuvers, that dissolution-driven swelling can be repre-
sented as an internal state shaping pit and pressure
signatures, and that stable gradients enable reliable
parameter updates across both dissolution-dominated
and free-gas-dominated regimes. The approach remains
subject to limitations typical of control-oriented one-
dimensional models, including simplified slip and fric-
tion closures and reliance on tabulated thermodynamic
mappings. Future work can extend the framework to-
ward richer thermal coupling, improved regime-adaptive
slip representations that remain differentiable, and tighter
coupling between calibration and uncertainty quantifi-
cation. Within these bounds, the presented formula-
tion provides a principled path to combine thermody-
namic dissolution effects with numerically stable and
differentiable simulation, supporting real-time calibra-
tion and more reliable interpretation of ambiguous early
influx signals [60].
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